Rapidity distribution of particle multiplicity in DIS at small x by Blok, B. et al.
Rapidity distribution of particle multiplicity in DIS at small x
B. Blok1, Yu. Dokshitzer2 and M. Strikman3
1 Department of Physics, Technion – Israel Institute of Technology, Haifa, Israel
2 CNRS, LPTHE, University Pierre et Marie Curie, UMR 7589, Paris, France
On leave of absence: St. Petersburg Nuclear Physics Institute, Gatchina, Russia
3 Physics Department, Penn State University, University Park, PA, USA
Analytical study of the rapidity distribution of the final state particles in deep inelastic
scattering at small x is presented. We separate and analyse three sources of particle produc-
tion: fragmentation of the quark-antiquark pair, accompanying coherent soft gluon radiation
due to octet color exchange in the t-channel, and fragmentation of gluons that form parton
distribution functions.
Connection to Catani-Ciafaloni-Fiorani-Marchesini (CCFM) equations and the role of
gluon reggezation are also discussed.
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I. INTRODUCTION
Perturbative QCD approach successfully describes internal structure of quark and gluon jets
produced in e+e− annihilation into hadrons.
The final states of hard lepton–hadron and hadron–hadron collisions have a more complicated
structure. In this case, apart from jets formed by the partons originating from the underlying hard
scattering, fragmentation of the initial state hadron(s) also contributes to the particle yield.
Really, multiparticle production in hard processes is driven by radiation and successive cascading
of relatively soft gluons. Soft bremsstrahlung is subject to coherence effects. Analysis of such
effects in jets has led to “angular ordering” (AO) as means of organizing parton multiplication in
terms of probabilistic time-like cascades [1]. For the space-like case the corresponding problem was
addressed and solved by L. Gribov et al in [2, 3] and independently by M. Ciafaloni [4].
It was shown that in order to formulate the probabilistic picture of the gluon radiation caused by
fragmentation of a space-like parton ensemble, one has to impose AO as well, similar to the time-like
jet evolution case. This result was further developed by S. Catani, F. Fiorani and G. Marchesini,
and laid ground for the CCFM scheme for generating final states of small-x DIS processes in accord
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2with the perturbative QCD [5].
In this letter we study pseudorapidity (angular) distribution of particles produced in small-x
DIS processes.
Similar to [2] where the inclusive energy spectra of final state particles were derived, we find
three essential contributions to the answer. The first one (dn(1)) originates from fragmentation of
the struck quark and its partner antiquark (at small x it is a sea qq¯ pair that is hit by an incident
lepton). This contribution dominates the particle yield at large momentum transfer q2 = −Q2. Two
more contributions, formally subleading but rather important, are due to the underlying space-like
gluon cascade that produces the quark pair. One of them (dn(2)) is driven by coherent soft gluon
radiation caused by octet t-channel color exchange, and the last one (dn(3)) — by fragmentation
of relatively hard (energetic) gluons that determine the hadron structure functions.
Section II is devoted to derivation of corresponding analytic expressions for the spectrum of
final particles. In Section III we present numerical results for pseudorapidity distribution in DIS
for different values of x and Q2, both academic and realistic.
II. APPROXIMATION AND MAIN CONTRIBUTIONS
Collinear approximation allows one to construct a probabilistic QCD cascade picture of multi-
particle production and, in particular, to separate initial and final state radiation. Selecting and
resuming contributions in which each power of αs is accompanied by a logarithmic integration over
parton transverse momentum, gives rise to the Leading Logarithmic Approximation (LLA).
Because of the double-logarithmic nature of gluon radiation, the true perturbative expansion
parameter for observables like particle multiplicity turns out to be not the QCD coupling αs itself,
but rather
√
αs. So, the next-to-leading logarithmic approximation (NLLA) effects are down by
√
αs as compared with the LLA, etc.
The general NLLA formulae describing the sub-jet structure of the DIS final state in terms of
generating functionals were presented in the paper that has introduced the k⊥–clustering algorithm
for jets in DIS and hadron–hadron collisions [6].
This approximation, however, turns out to be insufficient to access the structure of the fragmen-
tation of a target proton in DIS. This region provides a O (αs) fraction of the total particle yield,
and therefore is formally of the NNLL nature. At the same time, this kinematical region widens
and becomes important for small values of Bjorken x. In [2] it was demonstrated that the pertur-
bative QCD analysis could be carried out, and NNLA expressions could be derived, if one looks
3upon ln 1/x as an additional enhancement, and selects specific NNLL contributions O (αs ln 1/x) in
each order of the pQCD expansion. Within this approach approximate analytic expressions for the
inclusive energy spectrum of final particles has been derived. In this letter we extend the analysis
of [2] to the case of the pseudorapidity (angular) distribution of particles produced in small-x DIS
processes.
We will treat the process in the Breit reference frame (µ = 0, −q2 = Q2, x = Q/2P  1). In
this frame proton fragmentation occupies positive pseudorapidities (target fragmentation region)
η = − ln ϑ
2
,
with ϑ the particle production angle with respect to the proton direction. The struck quark jet
populates the region η < 0 (current fragmentation region).
DIS cross section at small x is dominated by space-like parton fluctuations that have the struc-
ture of a gluon ladder attached to the quark box as shown in Fig. 1.
FIG. 1: Gluon ladder attached to the quark box.
A. Quark box
Fragmentation of the quark k′ in Fig. 1 gives rise to a jet with an opening angle Θ′ ' k′t/β′P .
Here Θ′ is the quark production angle, and k′t and β′ — its transverse momentum and longitudinal
4momentum fraction (for definition of the Sudakov decomposition of parton momenta see Appendix).
This should be taken together with radiation off the virtual quark line k in the interval of Breit-
frame angles Θ′ ≤ ϑ, thus forming a full quark jet in the target fragmentation region (proton
hemisphere), similar to that in e+e− → qq¯ annihilation with invariant annihilation energy s = Q2.
Similarly, the struck quark with momentum q + k produces the second jet populating the current
fragmentation (photon hemisphere).
Measuring preudorapidity of a final particle introduces certain competition at the level of
collinear logarithmic enhancements.
Consider a gluon with positive pseudorapidity. It can belong to the jet that the quark with
momentum k′ develops in the final state. In this case, logarithmic integration over the relative
angle Θk′, ` between the three-momenta of the quark, ~k
′, and that of the gluon, ~`, runs in the
kinematical region
Θk′, `  Θ′ ' ϑ. (1)
The energy of the quark k′ is typically of the order of xP = Q/2. Thus, logarithmic integrations
over the gluon energy ` and the relative angle (1) produce the total quark jet multiplicity factor
at a hardness scale Qϑ/2,
k′t ' k′0 ·Θ′ ∼
Q
2
ϑ, Nq
(
Q sin
ϑ
2
)
.
At the same time, the fact that the quark transverse momentum is fixed, corresponds to taking
logarithmic derivative of the quark pdf Dqh
(
x;µ2
)
. This gives rise to a contribution
Nq
(
Q sin
ϑ
2
)
· d
dη
Dqh
(
x;Q2 sin2
ϑ
2
)
. (2a)
Another logarithmic enhancement may originate from the integral over transverse momentum of
the quark in the alternative region of production angles, namely
Θ′  ϑ ' Θk′, `.
This integration gives rise to the quark pdf at the same scale Qϑ/2, while the multiplicity flow at
a fixed angle ϑ is described by the derivative:
Dqh
(
x;Q2 sin2
ϑ
2
)
· d
dη
Nq
(
Q sin
ϑ
2
)
. (2b)
The two contributions (2) combine into
d
dη
[
Dqh
(
x;Q2 sin2
ϑ
2
)
Nq
(
Q sin
ϑ
2
)]
η > 0. (3)
5Analogous consideration applies to the radiation in the current fragmentation region, η < 0 (with
replacement of ϑ by pi − ϑ).
Finally, for entire pseudorapidity region we get an elegant expression
Dqh(x;Q
2)
dn(1)
dη
=
d
dη
[
Dqh
(
x;Q2 sin2
ϑ
2
)
Nq
(
Q sin
ϑ
2
)
+Dqh
(
x;Q2 cos2
ϑ
2
)
Nq
(
Q cos
ϑ
2
)]
. (4)
Integrating over pseudorapidity, for accompanying particle multiplicity due to radiation off the
quark box we obtain
n(1) = 2Nq(Q),
which expression coincides with the mean multiplicity in e+e− → qq¯ with invariant annihilation
energy s = Q2.
B. Soft t-channel radiation
If the quark box particle production is similar to that in e+e− → qq¯, in small-x DIS there
is an additional essential source of final particles that mimics a gluon jet. It is due to coherent
radiation of soft gluons ` with longitudinal momenta β` < x, and emission angles smaller that the
production angle of the quark k′:
ϑ < Θ′. (5)
Such soft gluons originate from coherent radiation off the s-channel partons at an angle larger
than their production angles. These are the partons (predominantly gluons) that are produced at
an early stage of the parton system evolution, “below” the quark box in Fig. 1. Intensity of this
coherent radiation is proportional to the color charge of the t-channel exchange, Nc.
Substituting, as before, xP = Q/2 for the quark energy, the inequality (5) translates into an
upper limit for the quark transverse momentum in the box:
k2t ≈ k′2t ≈ (β′P ·Θ′)2 ' (QΘ′/2)2 > (Qϑ/2)2. (6)
Integration over k2t under this condition yields
Dqh
(
x;Q2
)
−Dqh
(
x;Q2 sin2
ϑ
2
)
, 0 < ϑ ≤ pi, (7)
where we have replaced ϑ/2 by sinϑ/2 to assure a smooth transition with the region of finite,
η = O (1), and negative rapidities (large angles ϑ > 1 where the collinear approximation is not
applicable). As a result, the second contribution due to soft t-channel radiation takes the form
Dqh(x;Q
2)
dn(2)
dη
=
[
Dqh
(
x;Q2
)
−Dqh
(
x;Q2 sin2
ϑ
2
)]
· d
dη
Ng
(
Q sin
ϑ
2
)
. (8)
6C. Fragmentation of structural gluons
The soft t-channel radiation has to be combined with the fragmentation of the final state gluons
that participate in formation of the quark pdf. We shall call them “structural gluons”.
FIG. 2: Fragmentation of a structural gluon (ladder rung).
An inclusive gluon production cross section displayed in Fig. 2 is given by a simple convolution
of two parton distributions:∫ Q2
µ2
dk2t
k2t
α¯s(k
2
t )
∫ 1
x
dy
y
Dgh
(
y; k2t
)[∫ 1
x/y
dz
z
Φgg(z)D
q
g
(
x
zy
;Q2, k2t
)]
· φg(`). (9)
Here α¯s is conveniently normalized coupling constant (see Appendix, Eq. (A2)), and Φ
g
g(z) — the
DGLAP g → g splitting function (A3a).
The first distribution Dgh in (9) is the customary gluon pdf. It stands for the probability to
find, at a certain intermediate virtuality scale k2t > µ
2, a gluon with the longitudinal momentum
fraction y inside the target hadron, with µ the transverse momentum scale above which the pQCD
approach can be applied. The second distribution Dqg is a fundamental solution of the system of
DGLAP evolution equations. It describes further evolution of the parton system, starting off from
the gluon with the longitudinal momentum βk = z · y (and an initial virtuality scale k2t ) up to the
hit quark x (Q2). Finally, the factor φg(`) encodes information about fragmentation of the gluon
` and depends on the observable under consideration.
7By virtue of the evolution equation for parton distributions, the z-convolution in the square
brackets can be cast as derivative over the virtuality scale:[ ∫ 1
x/y
dz
z
Φgg(z)D
q
g
(
x
zy
;Q2, k2t
)]
= −
[
d
dξk
Dqg
(
x
y
;Q2, k2t
)](∗)
, (10)
with ξk the evolution time parameter (A4).
The quark distribution in the gluon, Dqg, contains the Born contribution in which the target
gluon coverts directly into a qq¯ pair without producing any s-channel gluons (quark box graph).
Upon differentiation over the lower scale ξk, this contribution would have produced the Φ
q
g kernel
instead of the desired gluon–gluon splitting Φgg. The superscript (∗) stands as a reminder that the
quark box term is subtracted from the derivative of Dqg in (10).
1. Anomalous contribution
In the kinematical region x 1 structural gluons are, so to say, over-ordered. Indeed, climbing
up the ladder, the longitudinal momenta of produced partons are decreasing, while their transverse
momenta are strongly increasing. As a result, the emission angles are “double ordered”, and the
gluons get separated by large rapidity intervals. When invariant pair energy sˆ between neighboring
structural gluons becomes large, the t-channel gluon exchange reggeizes. This means that the elastic
gluon exchange amplitude acquires a suppression factor
(sˆ)αg(t)−1 , t = −k2t ; αg(−κ2)− 1 ' −
∫ κ2
µ2
dq2
q2
α¯s(q
2), (11)
with αg(t) denoting the gluon Regge trajectory. Physical meaning of the reggeization — suppression
of the elastic amplitude due to vetoing particle production inside a large rapidity gap (the “fifth
form factor”, [7]). In the inclusive cross section (pdf) this suppression is compensated, once again,
by radiation of real gluons. In this case the gluons ` in Fig. 3 are “soft” and “hard” at the
same time. Namely, soft with respect to the structural gluons of preceding generations, but more
energetic than the exchange line:
βk  β`  βp. (12)
In [3] such gluons were referred to as “anomalous”. In fact, this is nothing but radiation that
compensates the so-called non-Sudakov form factor suppression in the language of the CCFM
scheme of generating DIS events [5]. The origin of these gluons — coherent large-angle radiation
off the external lines preceding the given cell. Their transverse momenta are smaller than those
8FIG. 3: “Anomalous” contribution βk < β` < βp.
flowing through the cell:
`2t  k2t ' p′2t . (13)
The anomalous contribution reads∫ Q2
`2t
dk2t
k2t
α¯s(k
2
t )
∫ 1
β`
dβp
βp
Dgh
(
βp; k
2
t
)∫ β`
x
dβk
βk
Φgg
(
βk
βp
)
Dqg
(
x
βk
;Q2, k2t
)
. (14)
It resembles the standard gluon ladder but with additional kinematical restrictions imposed on the
parton energies (12) and transverse momenta (13) due to the presence of the anomalous gluon `.
In the small-x kinematics, the gluon splitting function can be approximated essentially as
Φgg(z) ' 1/z. This allows us to substitute
Φgg
(
βk
βp
)
=⇒ Φgg
(
βk
β`
)
· Φgg
(
β`
βp
)
(15)
and to use twice the evolution equation for parton distributions, to rewrite (14) in a compact form∫ ξQ
ξ`
dξk
[
d
dξk
Dgh
(
β`; k
2
t
)]
·
[
− d
dξk
Dqg
(
x
β`
;Q2, k2t
)](∗)
. (16)
Now we can simplify the k2t integral in (16). Integration by parts yields∫ ξQ
ξ`
dξkD
g
h
(
β`; k
2
t
)
d2
dξ2k
Dqg
(
x
β`
;Q2, k2t
)
+Dgh
(
β`; `
2
t
) [
d
dξ`
Dqg
(
x
β`
;Q2, `2t
)](∗)
.
(17)
9The second line represents the surface term (k2t = `
2
t ) which cancels with the structural contribu-
tion (10). (The second surface term, k2t = Q
2, vanishes.)
Adding together (9), (10) and (17) gives∫ Q2
`2t
dk2t
k2t
α¯s(k
2
t )D
g
h
(
β`; k
2
t
)
d2
dξ2Q
Dqg
(
x
β`
;Q2, k2t
)
. (18)
Here we have replaced the second derivative over ξ` by that over ξQ since the parton distribution
depends on the difference of evolution times, ξQ − ξ`.
The expression (18) has to be supplied with the final state factor φg(`) that describes fragmen-
tation of the gluon `. This factor depends on the observable under consideration. In our case of
multiplicity flow at a given pseudorapidity it reduces to the mean parton multiplicity in the gluon
jet Ng with the hardness parameter `2t . The ratio of secondary parton multiplicities in gluon and
quark jets is known to next-to-next-to leading order [15], and numerically is close to the ratio of
color factors Nc/CF = 9/4.
For the sum of the structural and anomalous contributions we finally obtain
Dqh(x;Q
2)·dn
(3)
dη
= 2
∫ 1
x
dβ`
β`
α¯s(`
2
t )Ng(`2t )·
∫ Q2
`2t
dk2t
k2t
α¯s(k
2
t )D
g
h
(
β`; k
2
t
)
d2
dξ2Q
Dqg
(
x
β`
;Q2, k2t
)
. (19)
Here the gluon radiation angle ϑ stays fixed, while its energy β` is integrated over. The virtuality
scale `2t changes together with β`:
`t = β`P · ϑ = β`
x
· xPϑ ' β`
x
·Q sin ϑ
2
.
Note that for sufficiently large positive pseudorapidities η (small emission angles ϑ), the transverse
momentum `t of the radiated gluon inside the integration region may become smaller than a critical
value µ below which the pQCD approach is no longer applicable (the coupling may hit the “Landau
pole”). A transverse momentum cutoff `t > µ has to be introduced, and the third component (19)
becomes collinear sensitive. This happens for η ≥ log(Q/2µ).
We chose a small value of µ in order to put maximal responsibility for particle production on
the pQCD dynamics. We set µ2 = 0.2GeV2 which value corresponds to the initial scale of GRV
parton distributions [10].
Since gluons with small transverse momentum `t ∼ µ do not cascade, collinear sensitivity of
the answer turns out to be moderate. An uncertainty due to variation of the collinear cutoff is
restricted to a narrow interval of 0.5÷1 units in rapidity around η = log(Q/2µ), amounts to several
percent and decreases with increase of the hardness of the process Q2.
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2. Analytic estimate of the magnitude of the third component
In oder to estimate relative weight of the third contribution, let us consider its share in the
total particle yield. Introducing an integral over the full rapidity range (η > 0) unties the β` and
`t integrations by making them independent. Then, the convolution of the two successive parton
distributions over the longitudinal momentum fraction β`, by virtue of the completeness relation,
yields ∫ 1
x
dβ`
β`
Dgh
(
β`; k
2
t
)
·Dqg
(
x
β`
;Q2, k2t
)
' Dqh
(
x;Q2). (20)
Since the answer does not depend on an intermediate scale k2t , one immediately arrives at
n(3) =
∫ Q2
µ2
d`2t
`2t
α¯s(`
2
t )Ng(`2t ) · (ξQ − ξ`)×
[
d2Dqh
(
x;Q2
)
dξ2Q
/
Dqh(x;Q
2)
]
. (21)
Given a sharp increase of the mean multiplicity factor Ng with `2t ,
N ′/N ∝ √α¯s,
an estimate follows: 〈
d`2t
`2t
α¯s(`
2
t )
〉
∼ 〈ξQ − ξ`〉 = O
(√
α¯s
)
. (22)
Invoking the known enhancement of the pdf scaling violation rate at small x, d/dξ lnD ∝
√
lnx−1,
one finally obtains
n(3)
Ng = O
(
α¯s lnx
−1) . (23)
As envisaged in the introduction to this Section, this contribution is formally of NNLL nature, as it
is proportional to the second power of
√
α¯s. However, the fact that it is enhanced by the lnx factor,
makes it legitimate to keep this term while neglecting other (non-enhanced) NNLL corrections.
III. NUMERICAL RESULTS
A. Ingredients
The final result is given by the sum of three contributions: (4), (8) and (19). These formulae
contain three main ingredients.
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1. Ng(k2) — multiplicity of partons in a gluon jet at hardness scale k2. For this function
we employed the analytic expression derived in the so called Modified Leading Logarithmic
Approximation (MLLA). In our numerical calculations we used the parameter-free “limiting
spectrum” approximation, that one obtains by setting the collinear cutoff Q0 = ΛQCD. We
chose ΛQCD=320 MeV, which value provided the best fit to LEP data [9]. In addition, for
numerical analysis we use the leading order relation between parton multiplicities in quark
and gluon jets Nq = (CF /CA)Ng.
2. Dqg(x;Q2, k2) — the two-scale fundamental solution of the DGLAP evolution equations that
describes distribution of sea quarks in the target gluon. This distribution is calculated
numerically by inverting the corresponding LLA expression in the Mellin moment space N ,
known analytically, to the x-space.
3. Dqh(x; k
2) and Dgh(x; k
2) — quark and gluon distributions in the target hadron. We employed
the Gluck–Reya–Vogt (GRV) pdfs [10] at a low virtuality scale µ2 = 0.2 GeV2, and used
ΛMS = 230 MeV to evolve them to arbitrary hardness scales k
2. This value of ΛMS matches
the above value ΛQCD=320 MeV that corresponds to the physical (“bremsstrahlung”, “MC”)
scheme for the QCD coupling [11].
B. Figures
We illustrate our results with several numerical examples.
In order to demonstrate how does the pseudorapidity distribution evolves with Q2 and x, we
present here the curves for three momentum transfers, Q =10, 100 and 1000 GeV for two values
of the Bjorken variable x = 10−2 and x = 10−4.
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FIG. 4: Q = 10 GeV. Left panel x = 10−2, right panel x = 10−4.
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FIG. 5: Q = 100 GeV. Left panel x = 10−2, right panel x = 10−4.
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FIG. 6: Q = 1000 GeV. Left panel x = 10−2, right panel x = 10−4.
The upper curve In Figs. 4–6 shows the density of final state particles (charged hadrons) as a
function of the Breit frame pseudorapidity. It is a sum of three contributions described above.
• The leftmost curve describes fragmentation of the “quark box” given by (4) (contribution
1). It is symmetric around η = 0 and concentrated in the pseudorapidity interval |η| ≤
ln(Q/ΛQCD).
• The middle curve is due to accompanying soft gluons radiation in the target fragmentation
region, (8) (contribution 2).
• The rightmost curve combines fragmentation of structural gluons and the anomalous contri-
bution due to gluon reggeization, (19) (contribution 3). It extends to large positive pseudo-
rapidities and strongly increases with x decreasing.
We also calculated the pseudorapidity distribution of the final particle multiplicity flow in
DIS for Q2 = 20 GeV2 and x = 10−3, 10−4 typical for HERA kinematics. Comparison of QCD
expectations with the new HERA data [14] will be reported elsewhere.
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IV. CONCLUSIONS
There are two sources of final state particles in DIS processes: fragmentation of partons forming
pdfs, and accompanying coherent soft gluon radiation caused by t-channel color exchange. Both
these sources are adequately embedded, in particular, in the CASCADE MC generator developed
by G. Salam and J. Jung, which event generator incorporates both CCFM and BFKL physics
[12, 13].
Analytic pQCD analysis is an alternative to MC generation of events. In this letter we derived, in
a compact analytic form, pQCD predictions for pseudorapidity distributions of final state particles
produced in DIS processes at small Bjorken x.
It would be highly desirable to reanalyzed the HERA data on hadron production [14] as a
function dn/dy and compare them with QCD predictions.
It is straightforward to generalize and apply the above analysis to the double-differential distri-
bution of final particles in pseudorapidity and energy.
A similar approach can be used to study the initial radiation in pp collisions at LHC.
Appendix A: Notation
Sudakov decomposition:
k = βkP + kt + αkq
′, q′ = q + xP, q′2 = P 2 = 0. (A1)
Coupling constant
α¯s =
Nc αs
pi
. (A2)
In this normalization, the parton splitting functions that appear in the text are
Φgg(z) =
1− z
z
+
z
1− z + z(1− z), (A3a)
Φqg(z) =
1
2Nc
[
z2 + (1− z)2] . (A3b)
Evolution time parameter
dξk ≡ α¯s(k2t )
dk2t
k2t
. (A4a)
For one-loop coupling constant,
ξk ≡ ξ(k2) = 12Nc
11Nc − 2nf ln
1
αs(k2)
+ const. (A4b)
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